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Abstract. Some domain decomposition algorithm for a resolvent
Stokes equation is considered. Our attention is focused on the
domain-dependence of convergence speed of such algorithm. Ac-
tually, under a certain geometric condition, we can derive explicit
decay rates of the error on an artificial boundary in terms of some




. , 1995 H. Fujita Poisson
([4], [5]). H. Fujita , Poisson
, (
$\mathrm{C}\mathrm{o}\mathrm{n}\mathrm{d}.(\mathrm{I})$ ) , . ,
, . ,
H. Fujita -
(Fujita-Saito [8], Fujita et al. [7], Fujita-Fukuhara-Saito
1129 2000 73-82 73
[6] ).
, 1998 , stokes ,





$\lambda u-\nu\triangle u+\nabla p=f$ in $\Omega$ ,
$\mathrm{d}\mathrm{i}\mathrm{v}u=$ $0$ in $\Omega$ ,
$u=$ $b$ on F.
, $\Omega\subset \mathbb{R}^{2}$ $\Gamma$ ,
, , p .
$\lambda,$ $\nu$ $f$ , $\Gamma$ $b$
. $f$ $b$
(1.2) $f\in L^{2}(\Omega)$ $b\in H^{1/2}(\Gamma)$ , $I_{\Gamma}^{b\cdot nd\mathrm{r}=0}$
. $n$ $\Gamma$ . , (1.1) $\tilde{u}$ ,
$\tilde{p}$ .
1.1. (1.2) $\tilde{u}\in H^{1}(\Omega)$ – ,
. , $\tilde{u}$ $\tilde{p}\in L^{2}(\Omega)$
- .
1.2. , , ,
Lions-Magenes [11] . ,
.
. \S 2 , $\Omega$ , target (1.1)
( $\mathrm{D}\mathrm{N}$ ) . \S 3 ,
, .










Dirichlet-Neumann $(\mathrm{D}\mathrm{N})$ . $\theta(0<\theta\leq 1)$
. $\gamma$ $\mu^{(0)}$
(2.1) $\int_{\gamma}\mu^{(0)}\cdot \mathcal{U}d\gamma+\int_{\Gamma_{1}}b\cdot nd\mathrm{r}=0$ .
$\epsilon_{\mathrm{i}^{\backslash }}ffi\proptoT\not\in)\text{ }\mathrm{p}*^{\backslash }\text{ }\wedge,$ $\ovalbox{\tt\small REJECT}]\mathrm{J}\ovalbox{\tt\small REJECT} \mathrm{a}\mathrm{e}\text{ }\not\in \mathrm{L}\mathrm{F}(\mathfrak{x}2^{-}\text{ }. \text{ }, \Omega 1, \Omega 2, \gamma 4\mathrm{i}\text{ }\{u_{1}^{(},p^{(k)}1\},k)$.
$\{u_{2}^{()}k,p_{2}^{(k)}\},$ $\{\mu\}(k+1)(k=0,1,2, \cdots)\text{ }\backslash \sqrt R^{-\mathrm{C}}\backslash \Re f\mathrm{b}\mathfrak{X}\#\llcorner\not\subset R\text{ _{ }}$ .
(2.2) $\{$
$\lambda u^{(k)}-1\text{ }l\triangle u+1\nabla p_{1}^{(k)}(k)$
$=$ $f$ in $\Omega_{1}$ ,
$\mathrm{d}\mathrm{i}\mathrm{v}u_{1}(k)$
$=$ $0$ in $\Omega_{1}$ ,
$(k)$
$=$ $b$$u_{1}$ on $\Gamma_{1}$ ,
$u_{1}^{(k)}$ $=$ $\mu^{(k)}$ on $\gamma$ ,
(23)
(2.4) $\mu^{(k+1)}=(1-\theta)\mu+(k)\theta u_{2}^{(}|k)\gamma$ .
2.1. (2.3) $\text{ }$ ,
(2.5) $\nu\frac{\partial u_{1}^{(k)}}{\partial n_{1}}-p_{1}^{(k\rangle}\prime n_{1}=\nu[\nabla u_{1}^{(k}])-_{F}n1(k\rangle_{n}11$ ,
75
. , $[\nabla u_{1}]\mathrm{t}^{k})$ ( , $u_{1}^{(k)}=\{v^{1}, v^{2}\}$ $[\partial v^{i}/\partial x_{j}]$
. , (2.5) – ,
.
22. $k$ , $\Omega_{1}$
$\int_{\gamma}\mu^{(k)}\cdot n1d\gamma+\int_{\Gamma_{1}}b\cdot nd\Gamma=^{\mathrm{o}}$ , $(k=0,1,2, \cdots)$ .
.
23. $k$ , $u_{1}^{(k)}$ $p_{1}^{(k)}$ $C_{k}$
. , $C_{k}$ ,
$u_{2}^{(k\rangle}$ $p_{2}^{(k)}$ – .
3
3.1
$\mathrm{D}\mathrm{N}$ , , $\gamma$
$\xi^{(k)}=\mu^{(k)}-\tilde{u}|\gamma$
. $\gamma$ $V=V(\gamma)$ $V=\{\xi\in H^{1/2}(\gamma);||\xi||_{V}<$
$\infty\}$ . ,
$||\xi||_{V}=\{||\xi||_{H^{\iota}/}^{2}2(\gamma)+||\rho^{-1}\xi/2||^{2}L^{2}(\gamma)\}^{1/2}$,
, $\rho$ $\gamma$ . - , $\beta_{i}$
1;
$q \in L_{0}^{2}()\inf_{\Omega_{i}v\in H^{1}}\sup_{0(}\Omega i)\frac{(q,\mathrm{d}\mathrm{i}\mathrm{v}v)i}{||q||i||\nabla v||_{i}}=\beta_{i}$.
:
$\bullet$ $(u, v)_{i}=$ $L^{2}(\Omega_{i})$ , $||u||_{i}=(u, u)_{i}^{1}/2$ ,
$\bullet$ $|| \nabla v||_{i}2=\sum_{1\leq m,n\leq 2}||\partial v^{m}/\partial X|n|_{i}2$ for $v=\{v^{1}, v^{2}\}\in H^{1}(\Omega_{i})$ ;
$\bullet L_{0}^{2}(\Omega_{i})=\{q\in L^{2}(\Omega_{i});(q, 1)_{i}=0\}$ .
1 , $i=1,2$ .
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$\beta_{i}$ $\Omega_{i}$ inf-sup . (Babu\v{s}ka [2],
Brezzi [3] $)$ . Poincar\’e
(3.1) $||u||_{i}\leq\tau_{i}||\nabla u||_{i}$ , $\forall u\in K^{1}(\Omega_{i})=\{u\in H^{1}(\Omega_{i});u|_{\Gamma_{i}}=0\}$
$\tau_{i}=\tau_{i}(\Omega_{i})$ .
31. (3.1) $\tau_{i}$ , $u$ $H_{0}^{1}(\Omega_{i})$
. , . $\gamma$
$x_{2}$ , $\Omega\subset\{x_{1}>0\}$ 2. $\tilde{\Omega}=\Omega\cup\gamma\cup\Omega$ ’
. , $\Omega’$ $\Omega$ $\gamma$ . , $\chi^{-1}$
$-\triangle v=\chi^{-1}v$ in $\tilde{\Omega}$ , $v=0$ on $\partial\tilde{\Omega}$
.
$||v||^{2}L^{2}(\overline{\Omega})\leq\chi||\nabla v||_{L}22(\overline{\Omega})$
, $\chi$ . , $u\in K^{1}(\Omega)$ , $\tilde{u}$ $u$ $\tilde{\Omega}$
. , $\tilde{u}$ $\in H_{0}^{1}(\tilde{\Omega})$ $||\tilde{u}||_{L^{2}}^{2}(\tilde{\Omega})\leq\chi||\nabla\tilde{u}||_{L}22(\tilde{\Omega})$ ’
$||u||^{2}\leq x||\nabla u||^{2}$
. $\tau^{2}\leq\chi$ . , $\Omega$ – $d$ $\tau^{2}\leq\chi=$
$d^{2}/(2\pi)^{2}$ . ( $\pi$ ).
3.2
$(\Omega, \gamma)$ :
Cond.(I) $\gamma$ , $\Omega_{2}$ $\gamma$ $\Omega_{2}’$ . $\Omega_{2}’\subseteq\Omega_{1}$
$(\Omega, \gamma)$ Cond.(I) ( 2).
31. $\alpha,$ $\mathit{5}$





. $(\Omega, \gamma)$ Cond.(I) . , $(\Omega, \gamma)$
$c_{0}$
(3.3) $||\xi^{()}k||V\leq c_{0^{\tilde{r}^{k}}1}|\xi(0)||_{V}$ , $(k=1,2,3, \cdots)$ .
.
3.2. Saito [13], [14] ( $\lambda=0,$ $\nu=1$
) .
33. $\Omega_{1},$ $\Omega_{2}$ – $d_{1},$ $d_{2}$ . ,
Cond.(I) $d_{1}\geq d_{2}$ , , $\beta_{1}=\beta_{2}\equiv\beta$ .
3.1 $\delta$
$\delta\leq(1+\frac{1}{\beta})\frac{\lambda d_{2}^{2}}{4\pi^{2}\nu}+\frac{1}{\beta}$
. , $\beta^{-1}\leq\sqrt{4+2\sqrt{2}}$ (Horgan-Payne [10], Velte
[16] $)$ .
4
$V_{\sigma}=\{\xi\in V;(\xi, n_{1})_{L^{2}(\gamma})=0\}$ $K^{1}(\Omega_{i})$
$a_{i}(v,w)= \nu\int_{\Omega_{i}}\nabla v\nabla wdX=\nu\sum_{\leq 1m,n\leq 2}\int_{\Omega_{i}}\frac{\partial v^{m}}{\partial x_{n}}\frac{\partial w^{m}}{\partial x_{n}}dX$
.
$J_{i}[v]=\lambda||v||_{i}2a+i(v,v)$ , $(v\in K1(\Omega i))$
. , $\xi\in V_{\sigma}$ ,
(4.1) $\{$
$\lambda w_{i}-\nu\triangle w_{i}+\nabla p_{i}=0$ in $\Omega_{i}$ , $\mathrm{d}\mathrm{i}\mathrm{v}w_{i}=0$ in $\Omega_{i}$ ,
$w,$ $=0$ on $\Gamma_{i}$ , $w_{i}=\xi$ on $\gamma$
$w_{i}\in K^{1}(\Omega_{i})$ $\xi$ $\Omega_{i}$ $\mathrm{r}$-Stokes 3 .
41. $H^{1_{-}}$ (
, $\mathrm{A}\mathrm{r}\mathrm{n}\mathrm{o}\mathrm{l}\mathrm{d}- \mathrm{S}\mathrm{c}\mathrm{o}\mathrm{t}\mathrm{t}-\mathrm{v}_{0}\mathrm{g}\mathrm{e}\mathrm{l}\mathrm{i}\mathrm{u}\mathrm{S}[1]$, Saito-Fujita [15] $)$ ,
$\xi\in V_{\sigma}$ , $\mathrm{r}$-Stokes – .
3resolvent Stokes extension .
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Fujita ’ $\mathrm{s}$ method Saito [14] ( $\lambda=0$ ,
$\nu=1$ ) .
4.1. $0\leq\eta_{1}<\eta_{2}$
(4.2) $\eta_{1}J_{2}[w_{2}]\leq J_{1}[w_{1}]\leq\eta_{2}J_{2}[w_{2}]$ , $(\forall\xi\in V_{\sigma})$
. , $w_{i}$ $\xi$ $\Omega_{i}$ $\mathrm{r}$-Stokes .
, $\tilde{R}=\tilde{R}(\theta)$
$R( \theta)=\max_{\eta_{1}\leq s\leq\eta 2}|1-\theta-\theta S|$
. , $(\Omega, \gamma)$ C ,
(4.3) $||\xi^{(k})||_{V}\leq c_{0}\tilde{R}^{k(0}||\xi)||_{V}$ , $(k=1,2,3, \cdots)$ .
. ( $c_{0}$ 3.1 ).
Cond.(I) , $\eta_{2}$ . ,





42 . $\xi\in V_{\sigma}$ $w_{i}$ $\xi$ $\Omega_{i}$ $\mathrm{r}$-Stokes .
(4.4) $J_{i}[h_{i}]\leq J_{i}[w_{i}]\leq(1+\delta_{i})2Ji[hi]$
. , $h_{i}$ $\xi$ $\Omega_{i}$ ,




, $i$ . $p\in L_{0}^{2}(\Omega)$ $w$ .
, inf-sup ,
$\beta||p||$ $\leq$ $\sup_{v\in H_{0(\rangle}^{1}\Omega}\frac{(p,\mathrm{d}\mathrm{i}_{\mathrm{V}v})}{||\nabla v||}$
$= \sup_{v\in H_{0}^{1}(\Omega)}\frac{\lambda(w,v)+a(w,v)}{||\nabla v||}$
$\leq$ $\sup_{v\in H_{0()}^{1}\Omega}\frac{\lambda||w||||v||+\nu||\nabla w||||\nabla v||}{||\nabla v||}$
$\leq$ $(\lambda T^{2}+\nu)||\nabla w||$
.
(45) $J[w]$ $=$ $\lambda(w,w-h)+\lambda(w, h)+a(w, w-h)+a(w, h)$
$=$ $(p, \mathrm{d}\mathrm{i}_{\mathrm{V}}(w-h))+\lambda(w, h)+a(w, h)$
$\leq$ $||p||||\nabla h||+\lambda||w||||h||+\nu||\nabla w||||\nabla h||$
$\leq[(1+\beta^{-}1)\lambda \mathcal{T}^{2}+\nu(\beta- 1+1)]$ ||\nabla w| h||
$=$ \nu (l+\mbox{\boldmath $\delta$})ll\nabla wl h $||$ .




. (4.4) . $\Omega_{i}$ , $\mathrm{r}$-Stokes
,
$J_{1}[w_{1}]\leq(1+\delta)2J_{2}[w_{2}]$
. , $J_{1}[h_{1}]=J_{2}[h_{2}]$ .
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